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We apply the Wigner-function approach and chiral kinetic theory to investigate the angular
momentum and polarization of chiral fluids composed of Weyl fermions with background elec-
tric/magnetic fields and vorticity. It is found that the quantum corrections in Wigner functions
give rise to nonzero anti-symmetric components in the canonical energy-momentum tensors, which
are responsible for the spin-orbit interaction. In global equilibrium, conservation of the canonical
angular momentum reveals the cancellation between the orbital component stemming from side
jumps with nonzero vorticity and the spin component in the presence of an axial chemical potential.
We further analyze the conservation laws near local equilibrium. It turns out that the canonical an-
gular momentum is no longer conserved even in the absence of background fields due to the presence
of a local torque coming from the spin-orbit interaction involving temperature/chemical-potential
gradients, which is implicitly led by collisions.
I. INTRODUCTION
Recently, there have been intensive studies upon the transport properties of chiral matter com-
posed of Weyl fermions, which involve parity-odd transport such as the chiral magnetic/vortical
effects (CME/CVE) in relation to quantum anomalies [1–4]. In experiments, relativistic heavy
ion collisions (HIC) and Weyl semimetals provide the suitable testing grounds for exploring such
anomalous transport [5, 6]. Particularly, recent observations of the negative magneto-resistance
in Weyl semimetals suggest the existence of CME [7]. In HIC, the light quarks in quark gluon
plasmas (QGP) could be approximated as massless fermions at finite temperature. Despite fur-
ther interactions with gluons, these quarks move collectively and form a chiral fluid. Such a
fluid-like scenario following the charge and energy-momentum conservations in HIC could be
rather different from the case in Weyl semimetals. Nevertheless, at high-temperature regime,
the fluid-like behaviors of Weyl semimetals have been observed in a recent experiment [8]. It
is thus intriguing and imperative to further investigate the anomalous transport of chiral fluids.
In theory, there exist a variety of approaches to analyze anomalous transport of Weyl fermions
including field-theory calculations based on Kubo formula [3, 4, 9], kinetic theory [10–21], rel-
ativistic hydrodynamics [22–25], lattice simulations [26–32], and gauge/gravity duality [33–36].
In addition, the anomalous transport induced by rigid-body rotation has been investigated in
some theoretical studies [37, 38]. Moreover, the recent studies of non-equilibrium anomalous
transport upon chiral fluids have incorporated interactions based on the chiral kinetic theory
(CKT) [17–20, 39].
On the other hand, the observations of global polarization for Λ hyperons in HIC [40, 41]
have triggered increasing studies upon the spin-polarization formation and angular momenta
of relativistic fluids. In fact, the studies of spin polarization led by global rotation can be
traced back to the Barnett effect [42] and Einsteinde Haas effect [43]. In the context pertinent
to HIC, a variety of theoretical models were proposed to address the relevant issues such as the
microscopic spin-orbital coupling model [44, 45], the statistical-hydrodynamic model [46–51], and
the kinetic-theory approach with Wigner functions [10, 52, 53]. Also see Ref.[54] for a review
2of some aforementioned approaches. More recently, to understand the spacetime evolution of
local polarization and vorticity, the relativistic hydrodynamics with spin-1/2 particles has been
introduced in Refs.[55–58]. Nevertheless, the authors therein just focus on massive fermions.
There were also related studies for polarized relativistic fluids through an effective-field-theory
approach [59, 60]. For Weyl fermions, the local polarization has been investigated via the Wigner
functions in Refs.[10, 61], while the orbital angular momentum and collisions have not been
incorporated in the previous studies. Although the polarization density characterized by a Pauli-
Lubanski pseudo vector is independent of the orbital contributions in terms of the Wigner-
function construction [48, 52], the orbital part in fact encodes the angular-momentum transfer
between the fluid and internal degrees of freedom such as the spin of quasi-particles.
In this paper, we employ the CKT in Wigner-function formalism to analyze the interplay
between spin and orbital angular momentum near local equilibrium in chiral fluids, which may
shed some light upon the spacetime evolution of polarization for Weyl fermions and the role
of interactions therein. The paper is organized as the following : In Sec.II, we first review the
construction of angular-momentum (AM) tensors through the canonical and Belinfante energy-
momentum (EM) tensors for spin-1/2 fermions with background electric/magnetic fields and
further write down the corresponding phase-space distributions via Wigner functions. In Sec.III,
we then implement the Wigner functions and CKT up to O(~) to evaluate the AM-tensor density
and analyze the angular-momentum conservation with the interplay between spin and orbital
components for chiral fluids in global and (near-)local equilibrium. In Sec.IV, we finally make
short conclusions and outlook.
II. ANGULAR MOMENTA FROM WIGNER FUNCTIONS
A. Angular-Momentum Tensors for Fermions
For simplicity, we will focus on only the dynamics of fermions under background elec-
tric/magnetic fields. Considering the quantum electrodynamics (QED) Lagrangian with back-
ground gauge fields,
L = ψ¯
(
i~
2
γµ
←→
D µ −m
)
ψ, (1)
where
←→
D µ =
−→
Dµ −
←−
D †µ and Dµ = ∂µ + ieAµ/~ denotes the covariant derivative. Based on the
Noether’s theorem and equations of motion, we obtain the canonical EM tensor,
T¯ µν = T µν + T µνA , T
µν =
i~
4
ψ¯γ{µ
←→
D ν}ψ, T µνA =
i~
4
ψ¯γ[µ
←→
D ν]ψ,
3and the canonical AM tensor or the so-called mass-energy-momentum tensor or the generalized
angular momentum (see e.g. [62–64]),
MλµνC = M
λµν
S +M
λµν
O , (2)
MλµνS =
~
2
ψ¯{γλ,Σµν}ψ = −
~
2
ǫλµνρψ¯γ5γρψ,
MλµνO =
i~
2
ψ¯γλ
(
xµ
←→
D ν − xν
←→
D µ
)
ψ = xµT λν − xνT λµ + xµT λνA − x
νT λµA ,
where A{µBν} = AµBν + AνBµ, A[µBν] = AµBν − AνBµ, Σµν = i
4
[γµ, γν ], and
←→
D ν only acts on
ψ and ψ¯. For the canonical EM tensor T¯ µν , we decompose it into a symmetric EM tensor T µν
and an anti-symmetric one T µνA , where T
µν is also known as the Belinfante EM tensor. For the
canonical AM tensor, we can also separate the contributions from the spin and orbital angular
momentum. Here MλµνS/O represent the spin/orbital AM tensors. Such a decomposition for the
canonical AM tensor is widely utilized in the study of nucleon spins in deep inelastic scattering
(DIS) [65, 66] (see Ref.[64] for a comprehensive review). The canonical AM tensor can be related
to the Belinfante AM tensor constructed by only the symmetric EM tensor [62–64],
MλµνB = x
µT λν − xνT λµ =
i
4
ψ¯
(
xµγ{λ
←→
D ν} − xνγ{λ
←→
D µ}
)
ψ, (3)
through equations of motion and a total-derivative terms,
MλµνC =M
λµν
B + ∂βV
[βλ][µν], (4)
where ∂βV
[βλ][µν] corresponds to a superpotential antisymmetric in λ, β and µ, ν 1. In the absence
of background fields, both MλµνC and M
λµν
B are conserved,
∂λM
λµν
C = ∂λM
λµν
B = 0, (5)
based on the conservation of the symmetric EM tensor. The conservation of MλµνC also implies
∂λM
λµν
spin = −2T
µν
A . Accordingly, the anti-symmetric component of T¯
µν serves as a source or sink
for spin currents. When having background fields peculiarly an electric field or in the case for
local equilibrium of relativistic fluids, the conservation laws turn out to be more involved due to
collisions. We will further discuss such a case in the later section.
We may now construct the quantum expectation values for MλµνC/B(q,X) in phase space via
the Wigner-function formalism. Wigner functions are defined as the Wigner transformation of
lesser/greater propagators,
S`<(>)(q,X) ≡
∫
d4Y e
iq·Y
~ S<(>)(x, y), (6)
where S<(x, y) = 〈ψ†(y)ψ(x)〉 and S>(x, y) = 〈ψ(x)ψ†(y)〉 as the expectation values of fermionic
correlators with Y = x − y and X = (x + y)/2. Here the gauge link is implicitly embedded to
1 In Ref.[64], it is shown V [βλ][µν] = XµGβλν − XνGβλµ, where Gβλν = 1
2
(
MβλνS +M
νβλ
S +M
νλβ
S
)
. One can thus write down
the exact relation between canonical and Belifante AM tensors in phase space in terms of Wigner functions. Furthermore, given
Eq.(14) as will be derived shortly, we find Mλµν
B
(X) =Mλµν
C
(X) + 1
4
ǫβλ[µα∂β
(
Xν]J5β(X)
)
. However, this relation will be further
modified when collisions are involved.
4keep gauge invariance and hence qµ denotes the kinetic momentum. For convenience, we will
work in the Weyl basis ψ† = (ψ†L, ψ
†
R), which gives
T µν =
i~
4
(
ψ†Rσ
{µ←→D ν}ψR + ψ
†
Lσ¯
{µ←→D ν}ψL
)
, T µνA =
i~
4
(
ψ†Rσ
[µ←→D ν]ψR + ψ
†
Lσ¯
[µ←→D ν]ψL
)
,
MλµνS = −
~
2
ǫλµνρ
(
ψ†RσρψR − ψ
†
Lσ¯ρψL
)
, MλµνO = x
µT λν − xνT λµ + xµT λνA − x
νT λµA . (7)
Based on (7), we can now construct the expectation values of EM and AM tensors for Weyl
fermions 2,
〈T µν〉 =
i~
4
tr
(
σ{µ
(
Dν}x −D
†ν}
y
)
S<R (x, y) + σ¯
{µ
(
Dν}x −D
†ν}
y
)
S<L (x, y)
)
,
〈T µνA 〉 =
i~
4
tr
(
σ[µ
(
Dν]x −D
†ν]
y
)
S<R (x, y) + σ¯
[µ
(
Dν]x −D
†ν]
y
)
S<L (x, y)
)
, (8)
and
〈MλµνS 〉 = −
~
2
ǫλµνρtr
(
σρS
<
R (x, y)− σ¯ρS
<
L (x, y)
))
,
〈MλµνO 〉 =
i~
2
tr
((
xµDνx − x
νDµx − y
µD†νy + y
νD†µy
)(
S<R (x, y)σ
λ + S<L (x, y)σ¯
λ
))
. (9)
One can then perform the Wigner transformation to write down the expectation values in terms
of the Wigner functions in phase space. It is useful to exploit the rule of transformation found
in [67] such that
DxµS`
<(x, y)→
(
∇µ
2
− i~−1Πµ
)
S`<(q,X), D†yµS`
<(x, y)→
(
∇µ
2
+ i~−1Πµ
)
S`<(q,X),(10)
where
∇µ = ∂µ + j0(✷)Fνµ∂
ν
q , Πµ = qµ +
~
2
j1(✷)Fνµ∂
ν
q , ✷ =
~
2
∂ρ∂
ρ
q . (11)
We will hereafter use ∂µ ≡ ∂/∂X
µ for convenience. Here j0(✷), j1(✷) are modified Bessel func-
tions and ∂ρ in ✷ only act on the field strength Fνµ when having spacetime-dependent background
fields. Making the ~ expansion, which corresponds to the gradient expansion for ∂µ ≪ qµ, one
finds
∇µ = ∂µ + Fνµ∂
ν
q −
~
2
24
(∂ρ∂
ρ
q )
2Fνµ∂
ν
q +O(~
4),
Πµ = qµ +
~
2
12
∂ρ∂
ρ
qFνµ∂
ν
q +O(~
4). (12)
Using (10) and parameterizing S`<R = σ¯
ρS`<Rρ and S`
<
L = σ
ρS`<Lρ, the Wigner transformation of (8)
2 For the computation of 〈MλµνO 〉, we treat x
µ in MλµνO as the position-space operator, which then acts on both ψ(x) and ψ
†(y).
5yields
T µν(q,X) = Π{ν S`
<µ}
V (q,X), T
µν
A (q,X) = Π
[νS`
<µ]
V (q,X),
MλµνS (q,X) = −~ǫ
λµνρS`<5ρ(q,X),
MλµνO (q,X) = X
µT¯ λν(q,X)−XνT¯ λµ(q,X) + ~
(
∂µq∇
ν − ∂νq∇
µ
)
S`<λV (q,X), (13)
where S`<V µ = S`
<
Rµ + S`
<
Lµ, S`
<
5µ = S`
<
Rµ − S`
<
Lµ, and T¯
µν = T µν + T µνA . Combining M
λµν
S (q,X)
and MλµνO (q,X), one thus obtain the canonical AM tensor in phase space M
λµν
C (q,X). After
integrating over momentum space, we acquire the canonical AM-tensor density as
MλµνC (X) =
∫
d4q
(2π)4
(
MλµνS (q,X) +M
λµν
O (q,X)
)
= −
~
2
ǫλµνρJ5ρ(X) +
(
XµT¯ λν(X)−XνT¯ λµ(X)
)
, (14)
in which the total-derivative terms in MλµνO (q,X) do not contribute and the expression is antic-
ipated from its field-theory definition. In addition, by carrying out the same procedure, we also
find the Belinfante AM tensor
MλµνB (q,X) = X
µT λν(q,X)−XνT λµ(q,X) +
~
2
(
∂µq∇
{ν − ∂νq∇
{µ
)
S`
<λ}
V (q,X), (15)
and its density
MλµνB (X) =
∫
d4q
(2π)4
MλµνB (q,X) = X
µT λν(X)−XνT λµ(X), (16)
which takes the expected form as well.
B. Angular-Momentum Density and Polarization
In this subsection, we briefly discuss the particle polarization constructed from AM tensors.
The usual relativistic angular momentum is defined by integrating MλµνC/B(q,X) over a spacelike
hypersurface in position space, which could be used to define the polarization. We can thus
define the AM density in phase space in terms of a temporal direction characterized by a local
timelike vector perpendicular to the hypersurface (In DIS, it is instead taken along a light-cone
direction.), n¯µ(X), normalized as n¯2 = 1. The AM densities in phase space are then written as
MµνC/B(q,X) ≡ n¯λM
λµν
C/B(q,X). On the other hand, from M
µν
C/B, we can accordingly introduce the
Pauli-Lubanski pseudo vectors,
W µC/B(q,X) ≡ −
1
2
ǫµναβΠν(MC/B)αβ(q,X), (17)
in which we further promote qν to Πν here as opposed to the usual definition. Inversely, we have
MαβC/B(q,X) = ǫ
αβµν n¯µW¯C/Bν(q,X) + n¯
αn¯νM
βν
C/B(q,X)− n¯
βn¯νM
αν
C/B(q,X), (18)
6where W¯ µC/B(q,X) ≡ (Π · n¯)
−1W µC/B(q,X). From (13), since T¯
µν = ΠνS`µV , it is found
W¯ µC(q,X) = ~S`
<µ
5 −
~
2(n¯ ·Π)
ǫµναβΠνn¯λ∂q[α∇β]S`
<λ
V , (19)
where we use (Π · S`<5 ) = 0 from the master equations of Wigner functions [18, 67]. We also find
W¯ µB(q,X) = −ǫ
µναβΠνXαS`
<
V β −
~
4(n¯ · Π)
ǫµναβΠν n¯λ∂q[α∇β]S`
<λ
V . (20)
The canonical Pauli-Lubanski pseudo vector is usually proposed to define the polarization of
particles in HIC [48, 52]. One may utilize W¯ (q,X) to define the polarization vector 3. By inte-
grating over momentum space in Eq.(19), one may define the polarization density characterized
by just the axial-charge current [52],
LµC(X) ≡
∫
d4q
(2π)4
W¯ µC(q,X) =
~
2
Jµ5 (X). (21)
In a particular case when the superindices α, β inMαβC/B(q,X) are the spatial directions transverse
to n¯µ, one could have consistent definitions for polarization in terms of either MαβC/B(q,X) or
W µC/B(q,X) through the relation,
P α(n¯)α′P
β
(n¯)β′
Mα
′β′
C/B(q,X) = ǫ
αβµν n¯µW¯C/Bν(q,X) (22)
where P α(n¯)α′ = η
α
α′− n¯
αn¯α′ with ηµν being the Minkowski-spacetime metric. As shown in Eq.(19),
the last term starting atO(~) coming from the orbital angular momentum could also contribute to
the spectrum of polarization for both massless and massive fermions, which will be more practical
for the phenomenology in HIC. Nonetheless, we will investigate the spectrum of polarization
elsewhere and only focus on the study of AM-tensor density in this paper.
III. SPIN-ORBIT INTERACTION OF CHIRAL FLUIDS
A. Global Equilibrium
We may now implement the thermal-equilibrium Wigner functions perturbatively derived from
Kadanoff-Baym-like (KB-like) equations shown in Refs.[18–20] to compute the AM-tensor density
and analyze angular-momentum conservation of chiral fluids composed of Weyl fermions. For
simplicity, we firstly consider the global-equilibrium case with constant temperature and chemical
potentials in the presence of only magnetic fields and fluid vorticity.
The Wigner function for right-handed fermions up to O(~) was derived in Ref.[18],
S`<µR = 2πǫ¯(q · n)
(
δ(q2)
(
qµ + ~Sµν(n)Dν
)
+ ~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
f (n)q (23)
3 For massive fermions, one may consider the normalization by the mass of fermions instead of n¯ · q [48].
7where
Sµν(n) =
ǫµναβ
2(q · n)
qαnβ (24)
corresponds to the spin tensor depending on a frame vector nµ. Here we denote Dβf
(n)
q =
∆βf
(n)
q −Cβ , where ∆µ = ∂µ+Fνµ∂
ν
q , Cβ = Σ
<
β f¯
(n)
q −Σ>β f
(n)
q with Σ
<(>)
β being lesser/greater self-
energies and f
(n)
q and f¯
(n)
q = 1 − f
(n)
q being the distribution functions of incoming and outgoing
particles, respectively. Also, the frame vector nµ comes from the choice of the spin basis, which is
different from n¯µ for fixing the temporal direction in local spacetime although one can set nµ = n¯µ
for particular conditions. In addition, ǫ¯(q ·n) represents the sign of q ·n. The O(~) terms in (23)
contributes to the leading-order quantum corrections for the anomalous transport, in which the
spin-tensor-dependent term dubbed as the side-jump term engenders the magnetization current
and partial contribution of the CVE. On the other hand, the last term in (23) leads to the CME
in equilibrium and the modified dispersion relation from the magnetic-moment coupling in CKT.
It is found that the global-equilibrium distribution function takes the form [17, 19]
f eq(n)q = (e
g + 1)−1, g =
(
βq · u− µ¯R +
~Sµν(n)
2
∂µ(βuν)
)
, (25)
where β = 1/T is the inverse of temperature T , µ¯R = µR/T with µR being a charge chemical
potential for right-handed fermions, and uµ represents the fluid velocity. Now, Eq.(23) and
Eq.(25) result in the global-equilibrium Wigner functions for right-handed fermions [19],
S`<µRgeq = 2πǫ¯(q · u)
[
δ(q2)
(
qµ +
~
2
(
uµ(q · ω)− ωµ(q · u)
)
∂q·u
)
+
~ǫµναβFαβ
4
∂qνδ(q
2)
]
f (0)q , (26)
where f
(0)
q = (eβ(q·u−µR) + 1)−1 corresponds to the usual Fermi-Dirac distribution function and
ωµ denotes the fluid vorticity defined as
ωµ ≡
1
2
ǫµναβuν(∂αuβ). (27)
Note that Eq.(26) is independent of the choice of nµ. For left-handed fermions, the sign in front
of each O(~) term should flip.
Given Eq.(26), we may evaluate the EM/AM tensor densities, which are independent of the
temporal direction n¯µ. Carrying out the explicit computations of the symmetric EM tensor and
charge current in global equilibrium, for the first-order inviscid hydrodynamics of right-handed
fermions up to O(~), it is found [19]
T µνRgeq = u
µuνǫR − pRΘ
µν +ΠµνRnon =
∫
d4q
(2π)4
(
qµS`<νRgeq + q
νS`<µRgeq
)
,
JµRgeq = NRu
µ + vµRnon = 2
∫
d4q
(2π)4
S`<µRgeq, (28)
where Θµν = ηµν − uµuν and the non-dissipative quantum corrections in global equilibrium take
8the form
ΠµνRnon = ~ξωR
(
ωµuν + ωνuµ
)
+ ~ξBR
(
Bµuν +Bνuµ
)
, vµRnon = ~σBRB
µ + ~σωRω
µ, (29)
and the transport coefficients read
ǫR = 3pR = T
4
(7π2
120
+
µ¯2R
4
+
µ¯4R
8π2
)
, NR =
T 3
6
(
µ¯R +
µ¯3R
π2
)
, σωR =
T 2
12
(
1 +
3µ¯2R
π2
)
,
σBR =
µR
4π2
, ξωR =
T 3
6
(
µ¯R +
µ¯3R
π2
)
= NR, ξBR =
T 2
24
(
1 +
3µ¯2R
π2
)
=
σωR
2
. (30)
Note that the electric/magnetic fields in this paper are defined with respect to the fluid velocity,
uνFµν = Eµ,
1
2
ǫµναβuνFαβ = B
µ, Fαβ = −ǫµναβB
µuν + uβEα − uαEβ . (31)
Nonetheless, unlike the case for massive fermions [48, 56], in which the quantum corrections only
come from distribution functions, the anti-symmetric EM tensor is nonzero for Weyl fermions.
By using Eq.(26), we find 4
T µνARgeq =
∫
d4q
(2π)4
(
qνS`<µRgeq − q
µS`<νRgeq
)
= −
~
2
ξωR(u
µων − uνωµ). (32)
Note that such a non-vanishing T µνARgeq originates from the side-jump term. Our finding also agrees
with what has been recently found in Ref.[68] by the density operator approach. Combining the
symmetric and anti-symmetric parts, we thus obtain
T¯ µνRgeq = u
µuνǫR − pRΘ
µν + ~ξBR
(
Bµuν +Bνuµ
)
+
~
2
ξωR
(
3ωµuν + ωνuµ
)
(33)
for right-handed fermions. Now, incorporating also the contributions from left-handed fermions,
for which the O(~) corrections should flip the signs, the vector/axial-charge currents read
JµV/5geq = J
µ
Rgeq ± J
µ
Lgeq = NV/5u
µ + ~σBV/5B
µ + ~σωV/5ω
µ, (34)
where
NV =
µV
6
(
T 2 +
3µ25 + µ
2
V
4π2
)
, N5 =
µ5
6
(
T 2 +
3µ2V + µ
2
5
4π2
)
,
σBV/5 =
µ5/V
4π2
, σωV =
µV µ5
4π2
, σω5 =
(T 2
6
+
µ2V + µ
2
5
8π2
)
, (35)
and µV/5 = µR±µL. These charge currents are nothing but the CME, CSE, and CVE. Note that
the axial-charge chemical potential µ5 can be regarded as a spin chemical potential since the spin
component of the angular momentum is characterized by the axial-charge current. Furthermore,
4 In fact, the side-jump term and the delta-function-derivative term both lead to the ~ corrections with magnetic fields on TµνAgeq,
whereas these contributions exactly cancel each other. See Eq.(A15) for details.
9we find
T µνAgeq = T¯
µν
ARgeq + T¯
µν
ALgeq = −
~
2
ξωV
(
ωνuµ − ωµuν
)
, (36)
and thus
T¯ µνgeq = T¯
µν
Rgeq + T¯
µν
Lgeq
= uµuνǫV − pVΘ
µν + ~ξBV
(
Bµuν +Bνuµ
)
+
~
2
ξωV
(
3ωµuν + ωνuµ
)
(37)
where ǫV = 3pV = ǫR + ǫL is parity even while
ξBV = ξBR − ξBL =
µV µ5
8π2
, ξωV = ξωR − ξωL =
µ5
6
(
T 2 +
1
4π2
(3µ2V + µ
2
5)
)
= N5 (38)
are parity-odd. By inserting JµA and T¯
µν
V into Eq.(14), one is able to write down the spin/orbital
AM-tensor density, MλµνS/O(X). Eventually, in global equilibrium, one finds
MλµνSgeq(X) =
~
2
ǫλµνρ
(
N5uρ + ~σB5Bρ + ~σω5ωρ
)
,
MλµνOgeq(X) = X
[µ
[
ǫV
(
uλuν] −
Θλν]
3
)
+ ~ξBV
(
Bλuν] +Bν]uλ
)
+
~
2
N5
(
3ωλuν] + ων]uλ
)]
. (39)
For MλµνSgeq(X), the leading-order term simply comes from nonzero axial- charge (spin) density,
while the axial-charge currents from CSE/CVE yield sub-leading effects. However, when µ5 = 0,
the CSE/CVE contribution should dominate over MλµνSgeq(X) and accordingly over L
µ
Cgeq(X) in
Eq.(21). For MλµνOgeq(X), the first term in (39) corresponds to just classical rotation of fluids,
while the ~ corrections are related to CME/CVE in T µνgeq and the ω-dependent T
µν
Ageq, which exist
only when µ5 6= 0.
In global equilibrium, it is trivially to show the conservation of charge currents and symmetric
EM tensor, ∂µJ
µ
V/5geq = ∂µT
µν
geq = 0. Nevertheless, it is now nontrivial to show the conservation of
the canonical angular momentum. Using Eq.(36), we firstly check ∂µT
µν
Ageq = 0 based on ∂ ·ω = 0
and u · ∂ωµ = 0 in global equilibrium. One thus obtain
∂λM
λµν
Cgeq = −
~
2
ǫλµνρ∂λ(J5geq)ρ + 2T
µν
Ageq. (40)
By taking Jρ5geq = N5u
ρ and Eq.(36), one also derives ∂λM
λµν
Cgeq = 0 up to O(~). It is found that
the spin part is not conserved by itself at the leading order, which has to be compensated by
the orbital angular momentum particularly from the side-jump contribution. The non-vanishing
T µνAgeq here plays a role for the angular-momentum transfer. Physically, it is understood that
the collectively orbiting Weyl fermions, which contribute to the rotation of fluids, change the
direction of a net spin for the fluid cell since the spin directions are enslaved by the moving
directions based on the conservation of helicity. When µ5 = 0, from Eq.(34), one finds
∂λM
λµν
Sgeq =
~
2
2
(
ǫκµνρΘ λκ (σB5∂λBρ + σω5∂λωρ) + σB5(B
µων − Bνωµ)
)
, (41)
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where we employ u · ∂ωµ = 0 and u · ∂Bµ = ǫµναβuνBαωβ in global equilibrium from Bianchi
identities. However, to derive the orbital angular momentum at the same order, we have to
apply the Wigner functions up to O(~2), which have not been derived so far in literature. It is
anticipated that this unknown T µνAgeq at O(~
2) should cancel the spin part and preserve the total
angular momentum.
B. (Near-)Local Equilibrium
In local equilibrium with inhomogeneous temperature and chemical potentials, the interaction
between Weyl fermions is involved and the conservation laws do not trivially hold. Nevertheless,
these conservation laws can be determined by the kinetic theory given the details of collisions.
For Weyl fermions, it is again more convenient to firstly work in the right/left-handed bases
and later combined the results from two sectors. For right-handed fermions, it is shown in
Ref.[19] that the local-equilibrium distribution function f
leq(u)
q takes the same form as Eq.(25)
in the co-moving frame, nµ = uµ. The non-dissipative anomalous transport for JµV/5 and T
µν
also remains unchanged in local equilibrium. However, there exist dissipative corrections coming
from interactions. To acquire a general feature with manifest interpretation in physics, we may
simplify the collisional kernels by employing the relaxation-time approximation (RTA). Moreover,
we also neglect the interactions between right/left handed fermions for simplicity. In such an
approximation near local equilibrium, the CKT for right-handed fermions can be simplified as
[19, 20]
✷(q,X)f (u)q ≈ −
q · u
τR
δfq, (42)
where δfq = f
(u)
q −f
leq(u)
q denotes the deviation of the distribution function from local equilibrium
and
✷(q,X) =
[
q ·∆+ ~
Sµν(u)Eµ
(q · u)
∆ν + ~S
µν
(u)(∂µFρν)∂
ρ
q + ~(∂µS
µν
(u))∆ν
]
. (43)
The constant τR represents the relaxation time charactering the inverse strength of interac-
tions between the Weyl fermions with same chirality. We may write the near-local-equilibrium
deviations on the symmetric EM tensor and charge four currents as δT µν = T µν − T µνleq and
δJµV/5 = J
µ
V/5−J
µ
V/5leq. Here T
µν
leq and J
µ
V/5leq have the same expressions as global-equilibrium ones
by simply replacing constant thermodynamic parameters therein to the local-equilibrium ones
with spatial inhomogeneity. In the following computations, we also apply the gradient expansion
and only preserve the 1st-order-derivative (O(∂)) terms in the non-equilibrium deviations.
Solving Eq.(42) for f
(u)
q and plugging the solution into Wigner functions, after combining with
the contribution from left-handed fermions, the non-equilibrium vector/axial-charge currents
take the form,
δJµV/5⊥ =
τR
3
(
σω5/V E
µ
V⊥ + σωV/5E
µ
5⊥
)
+NV/5τR
( 1
T
∂µ⊥T − u · ∂u
µ
⊥
)
+O(~), (44)
where V µ⊥ = Θ
µ
νV
ν for an arbitrary (pesudo-)vector V µ and EV/5µ = Eµ + T∂µµ¯V/5. Here we
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drop the higher-derivative terms and quantum corrections since the classical part has already
led to the O(~) contribution in the angular momentum. The axial-charge current induced by
electric fields is also dubbed as the chiral electric separation effect (CESE) [69], for which the
corresponding conductivity has been computed in QED plasmas and weakly coupled QGP and
as well in holographic models [69–72]. In addition, the non-equilibrium deviation upon the
symmetric EM tensor contains only viscous corrections up to O(∂). More precisely, one finds
Πµν = ΘµαΘνβδTαβ = ζ(∂ · u)Θ
µν + ηsπ
µν , where πµν ≡ ΘµρΘ
ν
σ(∂
ρuσ + ∂σuρ− 2ηρσθ/3)/2 denotes
the shear strength and ηs/ζ correspond to shear/bulk viscosities [73]. Here ηs/ζ depend on τR,
while their explicit forms are not important in our study. Although there exist no non-equilibrium
O(~) corrections up to O(∂), the O(~) corrections will set in at O(∂2) including anomalous Hall
effects and viscous corrections on CME/CVE [19, 20]. Nonzero Πµν simply contributes to part
of the orbital angular momentum conserved independently and irrelevant to the spin component
in hydrodynamics. Note that we omit the computations of non-equilibrium charge densities and
energy-density current since they should vanish according to the matching conditions as discussed
later.
On the other hand, by carrying out an explicit calculation with the local-equilibrium Wigner
functions, we obtain the non-vanishing T µνA depending on also electric fields and temperature/chemical-
potential gradients,
T µνA = −
~
2
ξωV (u
µων − uνωµ)−
~ǫµναβuα
6
(
σωV T∂βµ¯V + σω5T∂βµ¯5 + 3N5
∂βT
T
− σωVEβ
)
,(45)
where we utilize
T µνAR/L = ∓
~
2
ξωR/L(u
µων − uνωµ)∓
~ǫµναβuα
2
(
σωR/LT∂βµ¯R/L +NR/L
∂βT
T
−
σωR/LER/Lβ
3
)
(46)
as derived in Eq.(A16). It is clear to see that T µνA 6=
~
4
ǫλµνρ∂λJ5ρ near local equilibrium and hence
T µνA and M
λµν
C are no longer conserved. However, such non-conservation has been foreseen by
the KB-like equations as the master equations for Wigner functions and CKT shown in Eq.(A7),
from which we derive
T µνA =
~
4
ǫµναβ
(
∂αJ5β + 2nα
∫
q
(
(q · n)C5⊥β − n · C5q⊥β
))
=
~
4
ǫµναβ
(
∂αJ5β +
uαδJ5⊥β
τR
)
, (47)
where we take the RTA to acquire the second equality. It turns out that the near-local-equilibrium
corrections on T µνA implicitly depend on collisions even though they can be directly derived from
local-equilibrium Wigner functions. By using Eq.(44), one can check that Eq.(47) agrees with
Eq.(46) up to O(~∂).
Moreover, by utilizing the results in Refs.[19, 20], in the RTA, the CKT yields the following
conservation laws or the so-called matching conditions,
∂µJ
µ
V = −
uµδJ
µ
V
τR
, ∂µJ
µ
5 = −
~E · B
2π2
−
uµδJ
µ
5
τR
, ∂µT
µν = F νρJV ρ −
uµδT
µν
τR
. (48)
When a system respects the charge and energy-momentum conservation, we should impose
uµδJ
µ
V/5 = 0 and uµδT
µν = 0, which allows us to define the local-equilibrium temperature,
chemical potentials, and fluid velocity. Then, solving the six conservation equations in Eq.(48)
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with constitutive equations in anomalous hydrodynamics yields the hydrodynamic equations of
motion (EOM), which give rise to the temporal derivatives with respect to the fluid velocity on
six thermodynamic parameters, u ·∂T , u ·∂µ¯V/5, and u ·∂u
µ. Note that the temporal component
of uµ is fixed by the normalization condition, u2 = 1. One can in fact perform the explicit
calculations for uµδJ
µ
V/5 and uµδT
µν from δfq and show that these terms indeed vanish with
hydrodynamic EOM. Also, the hydrodynamic EOM do not affect T µνA .
Finally, by implementing Eq.(48) and Eq.(47), we may write down the conservation laws for
canonical EM/AM-tensor densities,
∂µT¯
µν = ∂µT
µν + ∂µT
µν
A = F
νρJV ρ −
uρδT
ρν
τR
+
~
4
ǫµναβ∂µ
(uαδJ5⊥β
τR
)
, (49)
and
∂λM
λµν
C = X
[µF ν]ρJV ρ −
uρ
τR
X [µδT ρν] −
~
4
∂λ
(
X [µǫν]λαβ
uαδJ5⊥β
τR
)
. (50)
By parameterizing δJ5⊥β = τRJ˜5⊥β , where J˜5⊥β can be read out from Eq.(44, the above equations
can be further written as
∂µT¯
µν = F νρJV ρ −
uρδT
ρν
τR
+
~
4
ǫµναβuα(∂µ − u · ∂uµ)J˜5⊥β +
~
2
uν(ω · J˜5⊥), (51)
and
∂λM
λµν
C = X
[µF ν]ρJV ρ −
uρ
τR
X [µδT ρν]
+
~
2
[
ǫµναβuα +X
[µuν]ωβ +
uλ
2
X [µǫν]λαβ
(
∂α − u · ∂uα
)]
J˜5⊥β. (52)
As discussed previously, in relativistic hydrodynamics, the symmetric EM tensor T µν is required
to be conserved except for the coupling between the field strength and the vector-charge currents
such that uρδT
µρ = 0. According to Eq.(52), it is expected that the electric field can break the
AM-momentum conservation. Nonetheless, even when F µν = 0, the last term in Eq.(52) stem-
ming from the non-equilibrium axial-charge current triggered by temperature/chemical-potential
gradients still causes a nonzero torque, which locally breaks conservation of the canonical angular
momentum. Because the spin current is characterized by an axial-charge current, such a term
could be also regraded as a nontrivial spin-orbit interaction. Such an effect also stems from side
jumps. Since such a local torque is internal, it should vanish globally when integrating over the
position space, which could be seen from Eq.(50)5 Furthermore, in a steady state such that the
non-equilibrium vector/axial-charge currents vanish, T¯ µν and T µν follow the same conservation
laws and so do MλµνC and M
λµν
B . As opposed to M
λµν
C , M
λµν
B is locally conserved in the absence
of electric fields, which seems to be a better conserved quantity for hydrodynamics, whereas
5 It is clear that the last term of (50) will be a surface term when λ = i as one of spatial components, which vanishes when integrating
over position space. When λ = 0 as the temporal component, the situation is more subtle. Since ∂0ui as acceleration of the fluid
velocity will be proportional to ∂iT or ∂iµ as the gradients of either temperature or chemical potentials based on the hydrodynamic
EOM when Eµ = 0, the last term in (50) should be accordingly proportional to ǫijk∂iT∂jµ as the cross product of the gradients of
temperature and of chemical potentials. Such a term should also vanish when integrating over position space. The same argument
could be applied to (49). The net torque should only comes from the external fields.
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the local angular-momentum transfer through the spin-orbit interaction is not manifested. From
Eq.(50), one may alternatively define a locally conserved AM tensor in the absence of background
fields,
M˜λµνC ≡ M
λµν
C +
~
4
(
X [µǫν]λαβ
uαδJ5⊥β
τR
)
, (53)
which can be decomposed into the canonical AM tensor and the spin-orbit coupling. The M˜λµνC
and MλµνB are then connected by the pseudo-gauge transformation
6.
It is worthwhile to note that the side jumps in (local) equilibrium do not yield entropy pro-
duction, which manifests the non-dissipation of the CVE. By carrying out a direct calculation of
the entropy-density current from the Wigner function in equilibrium, as shown in Appendix.B,
one finds
sµleq =
1
T
(
uµp + T µνlequν − µV J
µ
V leq + ~DBB
µ + ~Dωω
µ
)
, (54)
where DB/ω = DB/ωR −DB/ωL and
DBR/L =
1
8π2
(
µ2R/L +
π2T 2
3
)
=
ξBR/L
T
, DωR/L =
1
12
(
T 2µR/L +
µ3R/L
π2
)
=
ξωR/L
2T
. (55)
The result takes the same form as what has been proposed in anomalous hydrodynamics [22],
in which only the symmetric EM tensor contributes. One can explicitly show that ∂µs
µ
leq = 0.
Near local equilibrium, the non-equilibrium fluctuations such as viscous effects will modify sµ
and cause entropy production. It is not clear whether T µνA could appear in s
µ for non-equilibrium
cases, while such corrections should be at least at O(~∂2) and pertinent to collisions, which might
be associated with for example the viscous corrections upon CME/CVE [20].
IV. CONCLUDING REMARKS AND OUTLOOK
In this paper, we have investigated the interplay between the spin and orbital components of
the canonical angular momentum for chiral fluids in the framework of Wigner functions and CKT.
It is found that the side jumps result in non-vanishing antisymmetric component of the canonical
EM tensor in global equilibrium with nonzero vorticity and an axial chemical potential, which is
responsible for the angular-momentum transfer between the spin and fluid. Near local equilib-
rium, we further obtained the anti-symmetric component depending on temperature/chemical-
potentials gradients and electric fields. As indicated by KB-like equations, such contributions
are implicitly associated with collisions stemming from the spin-orbit interaction, which further
breaks local AM conservation. Also, we have explicitly shown that the the entropy-density cur-
rent is not affected by the spin-orbit interaction in equilibrium. It thus takes the same form as
proposed from anomalous hydrodynamics and causes no entropy production in equilibrium.
6 From the field-theory construction, MλµνC and M
λµν
B are related by the pseudo-gauge transformation with the equations of motion.
However, in the Wigner-function approach, the equations of motion are Kaddanof-Baym(KB)-like equations instead of the simple
Dirac equations in the presence of collisions.
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In general, we have shown that there exists nontrivial angular-momentum transfer from the
spin-orbit interaction up to O(~) in chiral fluids. However, in the zero axial-charge chemical
potential, it is crucial to investigate the similar scenario up to O(~2), which incorporates the
polarization led by CSE and CVE. The study thus requires future exploration upon the higher-
order quantum corrections on Wigner functions and CKT. On the other hand, it is also intriguing
to further investigate the polarization spectrum characterized by the Pauli-Lubanski pseudo
vector with the quantum corrections from the orbital angular momentum.
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Appendix A: Derivation of the Anti-Symmetric EM tensor
In this Appendix, we present some details of computations for the results shown in the context.
Here we only consider right-handed fermions, for which we will omit the subindices R for conve-
nience. Based on the Dyson-Schwinger equations under the Wigner transformation up to O(~),
we shall obtain the following Kaddanof-Baym(KB)-like equations for right-handed fermions [18],
σµ
(
qµ +
i~
2
∆µ
)
S`< =
i~
2
(
Σ<S`> − Σ>S`<
)
, (A1)(
qµ −
i~
2
∆µ
)
S`<σµ = −
i~
2
(
S`>Σ< − S`<Σ>
)
, (A2)
By parameterizing S`< = σ¯µS`<µ , the above equation yield the difference equations,
~{σµ, σ¯ν}DµS`
<
ν = 2i[σ
µ, σ¯ν ]qµS`
<
ν ,
~[σµ, σ¯ν ]DµS`
<
ν = 2i{σ
µ, σ¯ν}qµS`
<
ν . (A3)
where [A,B] = AB −BA and {A,B} = AB +BA and
DµS`
<
ν = ∆µS`
<
ν − Σ
<
µ S`
>
ν + Σ
>
µ S`
<
ν (A4)
with ∆µ = ∂µ + Fνµ
∂
∂qν
. In Eq.(A3), the traceless part linear to the Pauli matrices yields
~σµ⊥n
ν
(
DµS`
<
ν −DνS`
<
µ
)
= −2σµ⊥ǫαµνβn
αqνS`<β,
~σµ⊥ǫαµνβn
αDβS`<ν = 2σµ⊥
(
q · nS`<µ − qµn · S`
<
)
, (A5)
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where V µ⊥ = (η
µν − nµnν)Vν for an arbitrary vector V
µ and we set n · σ = I. By integrating over
momentum space, Eq.(A5) becomes
~
2
(
nν∂⊥µJν − n · ∂J⊥µ − 2
∫
q
(
(q · n)C⊥µ − n · Cq⊥µ
))
= ǫαµβνn
αT βνA ,
~
2
ǫλµνρnν
(
∂λJρ − 2
∫
q
Cλqρ
)
= 2T µνA nν , (A6)
which then results in
T µνA =
~
4
ǫµναβ
(
∂αJβ + 2nα
∫
q
(
(q · n)C⊥β − (n · C)q⊥β
))
. (A7)
For left-handed fermions, the O(~) terms should flip the sign.
The perturbative solution for Wigner functions solved from Eq.(A1) is shown in Eq.(23). Near
local equilibrium, it is found [19, 20]
S`<µleq = 2πǫ¯(q · u)
[
δ(q2)
(
qµ +
~
2
(
uµ(q · ω)− ωµ(q · u)
)
∂q·u − ~S
µν
(u)E˜ν∂q·u
)
(A8)
+
~
2
(Bµuν − Bνuµ + ǫµναβEαuβ)∂qνδ(q
2)
]
f (0)q , (A9)
where f
(0)
q = (eβ(q·u−µR) + 1)−1 and we explicitly write down the electric/magnetic-fields depen-
dence via
1
2
ǫµναβFαβ = B
µuν − Bνuµ + ǫµναβEαuβ. (A10)
Here we also introduce the following notations,
E˜β = Eβ +
(q · u)
T
∂βT − q
σ(σβσ + κβσ), Eµ = Eµ + T∂µµ¯, (A11)
where
σµν = (∂µuν + ∂νuµ)/2, καβ =
1
2
(
uαu · ∂uβ − uβu · ∂uα
)
. (A12)
In the local rest frame, uµ ≈ (1, 0), one finds
S`<0leq = 2πǫ¯(q0)
[
δ(q2)
(
q0 +
~
2
(q · ω)∂q0
)
−
~
2
Bj∂qjδ(q
2)
]
f (0)q , (A13)
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and
S`<ileq = 2πǫ¯(q0)
[
δ(q2)
(
qi −
~
2
ωiq0∂q0 − ~S
ij
(u)E˜j∂q0
)
+
~
2
(Bi∂q0 − ǫ
ijkEk∂qj)δ(q
2)
]
f (0)q . (A14)
We subsequently employ the Wigner functions above to calculate T µνA . It is found
T 0iAleq = −
∫
d4q
(2π)4
ǫ¯(q0)
(
S`<iRleqq
0 − S`<0Rleqq
i
)
= −
~
2
∫
d4q
(2π)3
ǫ¯(q0)
(
δ(q2)
(
qi(q ·ω)− q20ω
i
)
∂q0f
(0)
q +
(
q0Bi∂q0δ(q
2) + qiBj∂qjδ(q
2)
)
f (0)q
)
= −
~ωiT 3
12
(
µ¯R +
µ¯3R
π2
)
(A15)
and
δT ijAleq =
∫
d4q
(2π)4
ǫ¯(q0)
(
S`<iRleqq
j − S`<jRleqq
i
)
= ~
∫
d4q
(2π)3
ǫ¯(q · u)
[
δ(q2)
2q0
(
ǫilnqj − ǫjlnqi
)
qnE˜l∂q0f
(0)
q − qlEk
(
ǫilkqj − ǫjlkqi
)∂δ(q2)
∂q2
f (0)q
]
= −δµiδνj
~ǫµναβuα
2
(
σωT∂βµ¯+N0
∂βT
T
−
σωEβ
3
)
. (A16)
Appendix B: The Entropy-Density Current
We may perform the direct calculation of the entropy-density current through the Wigner
function. By introducing the Boltzmann’s H function for fermions (see e.g. Ref.[74]),
H(f) = −f ln f − (1− f) ln(1− f), (B1)
we may construct the entropy-density current via the Wigner function by replacing f with H,
sµR = 2
∫
d4q
(2π)3
ǫ¯(q · n)
(
δ(q2)
(
qµ + ~Sµν(n)Dν
)
+ ~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
H(f (n)q ), (B2)
where we focus on right-handed fermions. Since we are particularly interested in an equilibrium
case, we then take nµ = uµ and f
(n)
q = f
leq(u)
q = (eg+1)−1 with g = β(q ·u−µR+ ~q ·ω/(2q ·u)).
The entropy current in equilibrium hence becomes
sµRleq = 2
∫
d4q
(2π)3
ǫ¯(q · u)
(
δ(q2)
(
qµ + ~Sµν(u)∆ν
)
+ ~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
H(f leq(u)q ). (B3)
17
It is now more convenient to write the H function as
H(f leq(u)q ) = gf
leq(u)
q − ln(1− f
leq(u)
q ). (B4)
We may first compute the contribution from the first component up to O(~),
sµI = 2
∫
d4q
(2π)3
ǫ¯(q · u)
(
δ(q2)
(
qµ + ~Sµν(u)∆ν
)
+ ~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
gf leq(u)q
= βT¯ µνRlequν − µ¯RJ
µ
Rleq + ~
∫
d4q
(2π)3
ǫ¯(q · u)δ(q2)
(β(q · ω)
q · u
qµ + 2Sµν(u)(∆νg
(0))
)
f (0)q , (B5)
where g(0) = β(q · u− µR). By using
2Sµν(u)∆νg
(0) =
β
q · u
((
uµ(q · u)(q · ω)− qµ(q · ω)− ωµ(q · u)2
)
+ ǫµναβqαuβE˜ν
)
, (B6)
we obtain 7
sµI = βT¯
µν
Rlequν − µ¯RJ
µ
Rleq − ~βω
µ
∫
d4q
(2π)3
ǫ¯(q · u)δ(q2)(q · u)f (0)q
= βT¯ µνRlequν − µ¯RJ
µ
Rleq −
~
2
βNRω
µ. (B7)
Here E˜ν is defined in (A11) and one can easily check its contribution vanishes in the integral.
However, as shown in (46), it is found T µνARlequν = ~NRω
µ/2. We thus find
sµI = βT
µν
Rlequν − µ¯RJ
µ
Rleq, (B8)
which incorporates only the symmetric EM tensor. Subsequently, we should evaluate the contri-
bution from the second term in (B4) up to O(~),
sµII = −2
∫
d4q
(2π)3
ǫ¯(q · u)
(
δ(q2)
(
qµ + ~Sµν(u)∆ν
)
+ ~ǫµναβqνFαβ
∂δ(q2)
2∂q2
)
ln(1− f leq(u)q )
= −2
∫
d4q
(2π)3
ǫ¯(q · u)
((
δ(q2)qµ +
~
4
ǫµναβFαβ
∂δ(q2)
∂qν
)
ln(1− f (0)q )
−
~δ(q2)
(1− f
(0)
q )
(qµ(q · ω)
2q · u
∂q·u + S
µν
(u)∆ν
)
f (0)q
)
. (B9)
7 When including the contribution from anti-particles, one should keep in mind that the normal ordering is implicitly taken and the
corresponding divergent term should be dropped.
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Performing explicit calculations, we obtain
sµII = −2
∫
d4q
(2π)3
δ(q2)ǫ¯(q · u)
(
qµ ln(1− f (0)q )−
~β
2
(
Bµ + ωµ(q · u)− uµ(q · ω) + 2Sµν(u)E˜ν
)
f (0)q
)
= βuµpR +
~β
8π2
(
µ2R +
π2T 2
3
)
Bµ +
~β
12
(
T 2µR +
µ3R
π2
)
ωµ, (B10)
in which we employ the integration by part to acquire the first term in the second equality from
the logarithmic term in the integrand. Similar to the case for sµI , the E˜ν term does not contribute.
Combining (B8) and (B10), we derive the entropy-density current for right-handed fermions in
equilibrium,
sµRleq = s
µ
I + s
µ
II =
1
T
(
uµpR + T
µν
Rlequν − µRJ
µ
Rleq + ~DBRB
µ + ~DωRω
µ
)
, (B11)
where
DBR =
1
8π2
(
µ2R +
π2T 2
3
)
=
ξBR
T
, DωR =
1
12
(
T 2µR +
µ3R
π2
)
=
ξωR
2T
. (B12)
One may further compute sµLleq for left-handed fermions, where the O(~) terms flip the signs,
and obtain the total entropy-density current sµleq = s
µ
Rleq + s
µ
Lleq.
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